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Abstract 

We give an introduction to an algebraic construction of a gravity theory on 
noncommutative spaces which is based on a deformed algebra of (infinitesimal) 
diffeomorphisms. We start with some fundamental ideas and concepts of non- 
commutative spaces. Then the ^-deformation of diffeomorphisms is studied 
and a tensor calculus is defined. A deformed Einstein-Hilbert action invariant 
with respect to deformed diffeomorphisms is given. Finally, all noncommu- 
tative fields are expressed in terms of their commutative counterparts up to 
second order of the deformation parameter using the ^-product. This allows to 
study explicitly deviations to Einstein's gravity theory in orders of 0. This lec- 
ture is based on joined work with P. Aschieri, C. Blohmann, M. Dimitrijevic, 
P. Schupp and J. Wess. 

Based on talks given at the First Modave Summer School in Mathematical Physics, 
June 2005, Modave (Belgium); HEP 2005, July 2005, Lisboa (Portugal); 
XXVIII Spanish Relativity Meeting, September 2005, Oviedo (Spain) 



Contents 

ll Noncommutative Spaces! 2 
2 Symmetries on Deformed Spaced 5 



3 Diffeomorphismsl 5 



4 Deformed Diffeomorphismsl 8 



5 Noncommutative Geometry! 11 



6 Star Products and Expanded Einstein-Hilbert Action! 14 



1 Noncommutative Spaces 

In field theories one usually considers differential space-time manifolds. In the non- 
commutative realm, the notion of a point is no longer well-defined and we have to 
give up the concept of differentiable manifolds. However, the space of functions on 
a manifold is an algebra. A generalization of this algebra can be considered in the 
noncommutative case. We take the algebra freely generated by the noncommutative 
coordinates x % which respects commutation relations of the type 



[& t ,xr] = c u '(x)^o. (i) 

Without bothering about convergence, we take the space of formal power series in 
the coordinates x % and divide by the ideal generated by the above relations 

A & = C({x°, . . . , z n »/([#\ x v ] - C^(x )) . 

The function C^ v {x) is unknown. For physical reasons it should be a function that 
vanishes at large distances where we experience the commutative world and may be 
determined by experiments. Nevertheless, one can consider a power-series expansion 

C^(x) = 16^ + iC^ p x p + (qBT^ - 8 v p 5Z)x p x a + ..., 

where ', C pv p and qW v pa are constants, and study cases where the commutation 
relations are constant, linear or quadratic in the coordinates. At very short distances 
those cases provide a reasonable approximation for C pv (x) and lead to the following 
three structures 
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1. canonical or ^-deformed case: 



[S^^\=i6^. (2) 

2. Lie algebra case: 

[x^x v }=iC» v p x p . (3) 

3. Quantum Spaces: 

x"x u = qW v pa x p x a . (4) 

We denote the algebra generated by noncommutative coordinates x p which are sub- 
ject to the relations (J2J) by A. We shall often call it the algebra of noncommutative 
functions. Commutative functions will be denoted by A. In what follows we will ex- 
clusively consider the ^-deformed case but we note that the algebraic construction 
presented here can be generalized to more complicated noncommutative structures 
of the above type which possess the Poincare-Birkhoff-Witt (PBW) property. The 
PBW-property states that the space of polynomials in noncommutative coordinates 
of a given degree is isomorphic to the space of polynomials in the commutative co- 
ordinates. Such an isomorphism between polynomials of a fixed degree is given by 
an ordering prescription. One example is the symmetric ordering (or Weyl-ordering) 
W which assigns to any monomial the totally symmetric ordered monomial 

W : A -> A 

x" i-> x p (5) 

x p x v i-> -(x p x u + x v x») 
2 

To study the dynamics of fields we need a differential calculus on the noncom- 
mutative algebra A. Derivatives are maps on the deformed coordinate space [1] 

<9 M : A^A. 

This means that they have to be consistent with the commutation relations of the 
coordinates. In the ^-constant case a consistent differential calculus can be defined 
very easily by 1 

0. (6) 



1 We use brackets to distinguish the action of a differential operator from the multiplication in 
the algebra of differential operators. 
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It is the fully undeformed differential calculus. The above definitions yield the usual 
Leibniz-rule for the derivatives <9 M 

0Jg) = 0J)g + f0»g). (7) 

This is a special feature of the fact that are constants. In the more complicated 
examples of noncommutative structures this undeformed Leibniz-rule usually cannot 
be preserved but one has to consider deformed Leibniz-rules for the derivatives [2]. 
Note that (JHJ) also implies that 

0J) = lM- (8) 
The Weyl ordering (JHJ) can be formally implemented by the map 

f»W(J) = — ! d n ke ik ^~f{k) 

(27T)2 J 

where / is the Fourier transform of / 

/(*) = 7-Tir / d n xe~ tk ^f(x). 



(2 



7T 2 



This is due to the fact that the exponential is a fully symmetric function. Using the 
Baker-Campbell-Hausdorff formula one finds 

This immediately leads to the following observation 

fg = W (f)W(g) = 7 ±- f dVpj k ^j^~f{k)~g{p) 



(27T) 

d n kd n pe i{k » +p ^e-^ e ^ p »f(k)g(p) 



(2tt)' 

= W{iioe^ vd »® a »f®g), (10) 

where //(/ <g> g) := fg is the multiplication map. With ((HJ) we deduce from (fT0|) the 
equation 

ll0e -^d^d,J ^ g ^jg (11) 

The above formula shows us how the commutative and the noncommutative product 
are related. It will be important for us later on. 
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2 Symmetries on Deformed Spaces 



In general the commutation relations JT} are not covariant with respect to unde- 
formed symmetries. For example the canonical commutation relations J2J) break 
Lorentz symmetry if we assume that the noncommutativity parameters 9^ u do not 
transform. 

The question arises whether we can deform the symmetry in such a way that it 
acts consistently on the deformed space (i.e. leaves the deformed space invariant) 
and such that it reduces to the undeformed symmetry in the commutative limit. The 
answer is yes: Lie algebras can be deformed in the category of Hopf algebras (Hopf 
algebras coming from a Lie algebra are also called Quantum Groups) 2 . Important 
examples of such deformations are g-deformations: Drinfeld and Jimbo have shown 
that there exists a g-deformation of the universal enveloping algebra of an arbitrary 
semisimple Lie algebra 3 . Module algebras of this g-deformed universal enveloping 
algebras are noncommutative spaces with commutation relations of type (j3J. There 
exists also a so-called ^-deformation of the Poincare algebra [3,4] which leads to a 
noncommutative space of the Lie type (j3J). A Hopf algebra symmetry acting on the 
^-deformed space was for a long time unknown. But recently also a ^-deformation 
of the Poincare algebra leading to the algebra (|2j) was constructed [5-8]. 

Quantum group symmetries lead to new features of field theories on noncom- 
mutative spaces. Because of its simplicity, ^-deformed spaces are very well-suited 
to study those. First results on the consequences of the ^-deformed Poincare alge- 
bra have already been obtained [6,8]. However, it remains unknown and subject of 
future investigations in which precise way this recently discovered quantum group 
symmetry restricts the degrees of freedom of the noncommutative field theory. 

In the following we will construct explicitly a ^-deformed version of diffeomor- 
phisms which consistently act on the noncommutative space (j2|). Then we present a 
gravity theory which is invariant with respect to this deformed diffeomorphisms [8,9]. 

3 Diffeomorphisms 

Gravity is a theory invariant with respect to diffeomorphisms. However, to general- 
ize the Einstein formalism to noncommutative spaces in order to establish a gravity 

2 To be more precise the universal enveloping algebra of a Lie algebra can be deformed. The 
universal enveloping algebra of any Lie algebra is a Hopf algebra and this gives rise to deformations 
in the category of Hopf algebras. 

3 It is called g-deformation since it is a deformation in terms of a parameter q. 
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theory, it is important to first understand that diffeomorphisms possess more math- 
ematical structure than the algebraic one: They are naturally equipped with a Hopf 
algebra structure. In the common formulations of physical theories this additional 
Hopf structure is hidden and does not play a crucial role. It is our aim to deform the 
algebra of diffeomorphism in such a way that it acts consistently on a noncommuta- 
tive space. This can be done by exploiting the full Hopf structure. In this section 
we first introduce the concept of diffeomorphisms as Hopf algebra in the undeformed 
setting. 

Diffeomorphisms are generated by vector-fields £. Acting on functions, vector- 
fields are represented as linear differential operators £ = £ M <9 M . Vector-fields form a 
Lie algebra S over the field C with the Lie bracket given by 

[£, v] = Z x V 

where £ x 77 is defined by its action on functions 

The Lie algebra of infinitesimal diffeomorphisms S can be embedded into its universal 
enveloping algebra which we want to denote by W(S) . The universal enveloping 
algebra is an associative algebra and possesses a natural Hopf algebra structure. It 
is given by the following structure maps 4 : 

• An algebra homomorphism called coproduct defined by 

A : U(E) -> W(E)<g>W(E) 

^ A(0 :=£®1 + 1®£- (12) 

• An algebra homomorphism called counit defined by 

e : U(E) -> C 

h- £(0 = 0. (13) 

• An anti-algebra homomorphism called antipode defined by 

S:U(E) U(E) 

S 3 £ » 5(0 = (14) 

4 The structure maps are defined on the generators £ € 5 and the universal property of the 
universal enveloping algebra U (S) assures that they can be uniquely extended as algebra homomor- 
phisms (respectively anti-algebra homomorphism in case of the antipode S) to the whole algebra 
W(S). 
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For a precise definition and more details on Hopf algebras we refer the reader to 
text books [10 12] . For our purposes it shall be sufficient to note that the coproduct 
implements how the Hopf algebra acts on a product in a representation algebra 
(Leibniz-rule). Below we will make this more transparent. It is now possible to study 
deformations of U(E) in the category of Hopf algebras. This leads to a deformed 
version of diffeomorphisms - the fundamental building block of our approach to a 
gravity theory on noncommutative spaces. Before studying this in detail, let us 
shortly review the Einstein formalism. This way we first understand better the 
meaning of the structure maps of a Hopf algebra introduced above. 

Scalar fields are defined by their transformation property with respect to infinites- 
imal coordinate transformations: 

^ = -£0 = -ew)- (15) 

The product of two scalar fields is transformed using the Leibniz-rule 

5^U) = + <f>{6^) = -^(9^) (16) 

such that the product of two scalar fields transforms again as a scalar. The above 
Leibniz-rule can be understood in mathematical terms as follows: The Hopf algebra 
W(S) is represented on the space of scalar fields by infinitesimal coordinate trans- 
formations On scalar fields the action of 5^ is explicitly given by the differential 
operator — £ M <9 M . Of course, the space of scalar fields is not only a vector space - it 
possesses also an algebra structure - such as is not only an algebra but also a 
Hopf algebra - it possesses in addition the co-structure maps defined above. We say 
that a Hopf algebra H acts on an algebra A (or more precisely we say that A is a left 
if -module algebra) if A is a module with respect to the algebra H and if in addition 
for all h G H and a,b G A 

h(ab) = fioAh(a®b) (17) 
h(l) = e{h). (18) 

Here /i is the multiplication map defined by jj(a <g> b) = ab. In our concrete example 
where H = U(E) and A is the algebra of scalar fields we indeed have that the algebra 
of scalar fields is a U(E)— module algebra. This can be seen easily if we rewrite ([TBI) 
using (fT2|) for the generators £ G S for 

<f e (#) = (6^ + <t>{8&) = fi o A£(0 (g) V). 

It is also evident that 

^l = = e(Ol. 
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Now we are in the right mathematical framework: We study a Lie algebra (here 
infinitesimal diffeomorphisms 5) and embed it in its universal enveloping algebra 
(here U(E)). This universal enveloping algebra is a Hopf algebra via a natural Hopf 
structure induced by ()12|13|14|) . 

Physical quantities live in representations of this Hopf algebras. For instance, the 
algebra of scalar fields is a W(S)-module algebra. The action of U{E) on scalar fields 
is given in terms of infinitesimal coordinate transformations 5^. 

Similarly one studies tensor representations of U(E). For example vector fields 
are introduced by the transformation property 

The generalization to arbitrary tensor fields is straight forward: 

-(d^OT^r (duj u )T^.::r- 

As for scalar fields, we also find that the product of two tensors transforms like a 
tensor. Summarizing, we have seen that scalar fields, vector fields and tensor fields 
are representations of the Hopf algebra W(H), the universal enveloping algebra of in- 
finitesimal diffeomorphisms. The Hopf algebra W(H) acts via infinitesimal coordinate 
transformations 5^ which are subject to the relations: 

[<%<y = ^xr? e(^) = 
A5 ( = 5 ( ® 1 + 1 ® 5s Sfc) = -St. (19) 

The transformation operator <5g is explicitly given by differential operators which 
depend on the representation under consideration. In case of scalar fields this differ- 
ential operator is given by — £ M <9 M . 

4 Deformed Diffeomorphisms 

The concepts introduced in the previous subsection can be deformed in order to 
establish a consistent tensor calculus on the noncommutative space-time algebra 
(J2J • In this context it is necessary to account the full Hopf algebra structure of the 
universal enveloping algebra U(E). 

In our setting the algebra A possesses a noncommutative product defined by 

[ac^ac"] =i0"", (20) 
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We want to deform the structure maps (jT9| of the Hopf algebra U(E) in such a way 
that the resulting deformed Hopf algebra which we denote by consistently acts 
on A. In the language introduced in the previous section this means that we want 
A to be a W(5)-module algebra. We claim that the following deformation of 
does the job. Let be generated as algebra by elements 6%, £ G H. We leave the 
algebra relation undeformed and demand 

K\ = k*v (21) 

but we deform the co-sector 

A5 ( = e-^^fa ® 1 + 1 <g> foe^ 6 "®**, (22) 

where 

The deformed coproduct flZZj) reduces to the undeformed one (JTH1) in the limit 9 — > 0. 
Antipode and counit remain undeformed 

5(4) = £ (5 ? ) = 0. (23) 

We have to check whether the above deformation is a good one in the sense that it 
leads to a consistent action on A. First we need a differential operator acting on 
fields in A which represents the algebra pTjl. Let us consider the differential operator 

CO 

*t := E n\ { ~ l 2 TdPiai ' ' ' dPnan{ ^ ' ' ' • • • ( 24 ) 

n=0 

This is to be understood like that: A vector-field £ = £ M <9 M is determined by its 
coefficient functions £ M . In Section [T] we saw that there is a vectorspace isomorphism 
W from the space of commutative to the space of noncommutative functions which is 
given by the symmetric ordering prescription. The image of a commutative function 
/ under the isomorphism W is denoted by / 

W : / h- W(f) = f. 

In pH) £ M is therefore to be interpreted as the image of £ M with respect to W. Then 
indeed we have 

[X^,X V ] = X^ xv . (25) 
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To see this we use result (JTT1) to rewrite (X^) : 

oo _ 

n=0 

oo _ 

n=0 

= ») = (?)■ (26) 
From (|26j) follows 

(Mx v fo) - (x,(x f 0)) = = (x Cx ,0), 

which amounts to (I2H|) and this is what we wanted to show. 

It is therefore reasonable to introduce scalar fields 4> G A by the transformation 
property 

5^=~(XS)- 

The next step is to work out the action of the differential operators Ag on the product 
of two fields. A calculation [8] shows that 

(Xt(44)) = V ° {e~^ heP "^{X i + X^ei™"" 8 ?® 6 ^ ® ^). 

This means that the differential operators X^ act via a deformed Leibniz rule on the 
product of two fields. Comparing with (|22|) we see that the deformed Leibniz rule 
of the differential operator X% is exactly the one induced by the deformed coproduct 
422): 

^(0VO = e-^ 6 " 96 '^ ® 1 + 1 <g> 4)e^ P ^ p ^ CT (#) = -X e > (0^). 

Hence, the deformed Hopf algebra W(H) is indeed represented on scalar fields G ^4 
by the differential operator A^. The scalar fields form a W(H)-module algebra. 

In analogy to the previous section we can introduce vector and tensor fields 
as representations of the Hopf algebra W(S). The transformation property for an 
arbitrary tensor reads 

= + (x^f^zi) + ■■■ + {x {d ^ n) f^;i) 
-(^ n e)fer) (x {9 ^)tr-T)- 

Up to now we have seen the following: 
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• Diffeomorphisms are generated by vector-fields £ G 5 and the universal en- 
veloping algebra U(p) of the Lie algebra 5 of vector-fields possesses a natural 
Hopf algebra structure defined by ifTHj) . 

• The algebra of scalar fields G A is a W(S)-module algebra. 

• The universal enveloping algebra U (S) can be deformed to a Hopf algebra U (H) 
defined in (I2ll22l2ril) . 

• consistently acts on the algebra of noncommutative functions A, i.e. the 
algebra of noncommutative functions is a W(S)-module algebra. 

• Regarding as the underlying "symmetry" of the gravity theory to be 
built on the noncommutative space A, we established a full tensor calculus as 
representations of the Hopf algebra 

5 Noncommutative Geometry 

The deformed algebra of infinitesimal diffeomorphisms and the tensor calculus co- 
variant with respect to it is the fundamental building-block for the definition of a 
noncommutative geometry on deformed spaces. In this section we sketch the im- 
portant steps towards a deformed Einstein-Hilbert action [8]. A first ingredient is the 
covariant derivative D^. Algebraically, it can be defined by demanding that acting 
on a vector-field it produces a tensor-field 

kbft v = -(x^dm - {x ma) b a v v ) - (x^b^) (27) 

The covariant derivative is given by a connection f 

bX = 4k - rV%. 

From TH\ it is possible to deduce the transformation property of T ^ u p 

^r M / = (X^T fMU p ) - (X {d ^ a) f au p ) - (A > ( 5i/S a)f m p ) + (X( da £ P )f flu a ) - (<9 /1 <9 i/ £ p ). 

The metric G^ v is defined as a symmetric tensor of rank two. It can be obtained for 
example by a set of vector-fields E^, a = 0, ... ,3, where a is to be understood as a 
mere label. These vector-fields are called vierbeins. Then the symmetrized product 
of those vector-fields is indeed a symmetric tensor of rank two 

G/_ IU '■= -(E^ a E u b + E u h E^ a )rj ab . 
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Here r) a b stands for the usual flat Minkowski space metric with signature ( — h ++). 
Let us assume that we can choose the vierbeins E^ a such that they reduce in the 
commutative limit to the usual vierbeins e^ a . Then also the metric G^ v reduces to 
the usual, undeformed metric g^ v . 

The inverse metric tensor we denote by upper indices 

G fJiU G up = 5P. 

We use G^v respectively G pu to raise and lower indices. 

The curvature and torsion tensors are obtained by taking the commutator of two 
covariant derivatives 5 

[£>„ b v \v p = k^ p a v a + % v a b a v p 

which leads to the expressions 



E> u a f a a p °" _i_ p /3"P o" p /3p 



t/iup UytL up (Jfii- up ~l~ r up r pf) r i u /3 

rp a p a. p a 

■L pv J- up *• up ■ 



If we assume the torsion-free case, i.e. 

rcr p cr 

pu J- up i 

we find an unique expression for the metric connection (Christoffel symbol) defined 

Da.Gp.y = 

in terms of the metric and its inverse 6 

f a /3 a = -(d a G/3.y + SpGary — BjG a j3)G Ja . 

From the curvature tensor R^u P a we get the curvature scalar by contracting the 
indices 

R := G pv R V pp p ■ 

R indeed transforms as a scalar which may be checked explicitly by taking the de- 
formed coproduct (|22|) into account. 



5 The generalization of covariant derivatives acting on tensors is straight forward [8]. 
6 We don't introduce a new symbol for the metric connection. 
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To obtain an integral which is invariant with respect to the Hopf algebra of 
deformed infinitesimal diffeomorphisms we need a measure function E. We demand 
the transformation property 

5%E = —X^E - X( 9 ^)E. (28) 

Then it follows with the deformed coproduct (|22|) that for any scalar field S 

d^ES = -d^X^iES)). 

Hence, transforming the product of an arbitrary scalar field with a measure function 
E we obtain a total derivative which vanishes under the integral. A suitable measure 
function with the desired transformation property (|2~%1) is for instance given by the 
determinant of the vierbein E^ a 

p A p f(p a\ — _ F H1-IM F p aip a 2 p a 3 p a 4 

That E transforms correctly can be shown by using that the product of four E^. ai 
transforms as a tensor of fourth rank and some combinatorics. 

Now we have all ingredients to write down an Einstein-Hilbert action. Note that 
having chosen a differential calculus as in (JBJ) , the integral is uniquely determined up 
to a normalization factor by requiring 7 [13] 

f dj = 

for all / G A. Then we define the Einstein-Hilbert action on A as 

S EH :=/det(V)fl + complexco„j.. 

It is by construction invariant with respect to deformed diffeomorphisms meaning 
that 

<^<Seh = 0. 

In this section we have presented the fundamentals of a noncommutative geometry 
on the algebra A and defined an invariant Einstein-Hilbert action. There is however 
one important step missing which is subject of the following section: We want to 
make contact of the noncommutative gravity theory with Einstein's gravity theory. 
This we achieve by introducing the ^-product formalism. 

7 We consider functions that "vanish at infinity". 
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6 Star Products and Expanded Einstein-Hilbert Ac- 
tion 



To express the noncommutative fields in terms of their commutative counterparts 
we first observe that we can map the whole algebraic construction of the previous 
sections to the algebra of commutative functions via the vector space isomorphism 
W introduced in Section [IJ By equipping the algebra of commutative functions with 
a new product denoted by * be can render W an algebra isomorphism. We define 

/ * g := W-\W(f)W(g)) = W-\fg) (29) 

and obtain 

(A, *) = A. 

The ^-product corresponding to the symmetric ordering prescription W is then given 
explicitly by the Moyal-Weyl product 8 

/ * g = p o e ¥^a, f ® g = fg+ V"(3J)(cU) + O(0 2 ). 

It is a deformation of the commutative point- wise product to which it reduces in the 
limit 9 -»• 0. 

In virtue of the isomorphism W we can map all noncommutative fields to com- 
mutative functions in A 

F (-> W~ X (F) = F. 
We then expand the image F in orders of the deformation parameter 6 

where the zeroth order always corresponds to the undeformed quantity. Products of 
functions in A are simply mapped to ^-products of the corresponding functions in 
A. The same can be done for the action of the derivative <9 M and consequently for 
an arbitrary differential operator acting on A [8]. 

The fundamental dynamical field of our gravity theory is the vierbein field E^ a . 
All other quantities such as metric, connection and curvature can be expressed in 
terms of it. Its image with respect to W~ x is denoted by E^. In first approximation 
we study the case 



8 This is an immediate consequence of ltl0)l . 
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where e M a is the usual vierbein field. Then for instance the metric is given up to 
second order in 9 by 

= g,u - \e^e^{d ai d a2 e^){dp 1 dp 2 eJ } )r ](A + . . . , 

where is the usual, undeformed metric. For the Christoffel symbol one finds up 
to second order: The zeroths order is the undeformed expression 

^ = \{d„g vl + d v g^ - d^W, (30) 

the first order reads 

rg"= l f aP (d a r^)9ar(d^ p ) (31) 

and the second order 

rg)' = = -\e^e^ ((d ai d a2 r^ a )(d Pl d^) - 2(d a ^l)d Pl ((d a29 n(d P2 gr^ p ) 

- V^l{{d ai d a2 g^){d Pl dp 2 g^) +g° T (d ai d a2 e T a )(dp 1 d (32 e ! : b )r ] a b 

- 2d ai {{d a2 gn{dMrx)g XR ){dp ig< ))g^ + \(d»{{d ai d a2 e«){d Pl d P2 e a b )) 

+ d u {{d ai d a2 e;){d Pl d^)) - d a ((d ai d a2 e;)(d Pl d P2 e u b ))) Vab g^), (32) 

where 

rjSa = ^v p gpv (33) 

The expressions for the curvature tensor read 

= -^ A ((^{^ 

-^{dxg Pl )g 1T + d,{{d mi ) 9 ^) + (d x r^)) 

+ (d^)(r^(d x g T ,)g^ - T^{d x g Pl )g^ 

+dA(d x9 ^) + (d x T^))) (34) 

d(2) a = Q r (2) CT , r (2) Tr (0)CT , r (0) 7r (2)a 
ixvp ^ pp ^ i//o P7 ' up p/y 

+>((^rS 7 )(^^) + ar(f )(^r(f )) 

.l^ft^^^^oh)^^^).) _ (/J ^ (35) 

15 



where the second order is given implicitly in terms of the Christoffel symbol. 
The deformed Einstein-Hilbert action is given by 

Seh = ^ J d 4 xdet*e fl a * R + c.c. 

= i J d 4 x det*e/ *(R + R) 

= d'xdeUe^iR + R) 

= 4°H + y'd 4 ^(dete/)i?( 2 ) + (det,e/) (2) J R (0) , (36) 

where we used that the integral together with the Moyal-Weyl product has the prop- 
erty 9 

J d 4 x f * g = J d 4 xfg = J d 4 xg-k f. 

In (j3~6*jl det^" is the ^-determinant 

1 

( r/'l"'Hr p 

, c c ai---a4 c , 

dete/ + (det,e/) (2) 



Hpf P a pCl-Wr p <H , p a 2 , a 3 a 4 

u-cu^o^j c c ai - a4°/ii A °/X2 "-^a /i4 



where 



(detj^ = -Iir i/3l ^ 2ft £^-^e a ,.. a4 



M3 

+ d ai d a2 (e^e^)(d^ 2 e^)e^ 

+ d Q1 d a2 (e^e^e, 3 a Wp 1 dp 2 e,r))- (37) 

The odd orders of # vanish in (|36l) but the even orders of 9 give nontrivial contribu- 
tions. 

Equation shows explicitly the corrections to Einsteins gravity predicted by 
the noncommutative theory. 



3 This follows by partial integration. 
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Remarks 



For an introduction to field theories on noncommutative spaces, we recommend the 
review articles [13,14]. To learn more about related approaches to noncommutative 
geometry the reader is referred to [15,16]. More about Hopf algebras and Quantum 
Groups can be found in [10-12]. A good pedagogical introduction to ^-products can 
be found in [17]. The construction of a gravity theory presented in this lecture is 
based on [8, 9]. 
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